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Abstract The inferential problem of drawing inference about a common mean u of
several independent normal populations with unequal variances has drawn universal
attention, and there are many exact and asymptotic tests for testing a null hypothesis
Hy : u = po against two-sided alternatives. In this paper we provide a review of
some of these exact and asymptotic tests, and present theoretical expressions of local
powers of the exact tests and a comparison. It turns out that, in the case of equal
sample size, a uniform comparison and ordering of the exact tests based on their
local power can be carried out even when the variances are unknown. Our observa-
tion is that both modified F' and modified ¢ tests based on a suitable combination
of component F and ¢ statistics perform the best in terms of local power among all
exact tests under consideration. An exact test based on inverse normal method of
combination of P-values also performs reasonably well.

Keywords: Common Mean; Exact Test; Local Power; Meta-Analysis; P-value

Yehenew G. Kifle
Department of Mathematics and Statistics, University of Maryland Baltimore County, USA.
e-mail: yehenew @umbc.edu

Alain M. Moluh
Department of Mathematics and Statistics, University of Maryland Baltimore County, USA.
e-mail: moluhl @umbc.edu

Bimal K. Sinha

Department of Mathematics and Statistics, University of Maryland Baltimore County, USA.
Center for Statistical Research and Methodology, U.S. Census Bureau, USA.

Disclaimer: This article is released to inform interested parties of ongoing research and to encourage
discussion. The views expressed are those of the authors and not those of the U.S. Census Bureau.
e-mail: sinha@umbc.edu



2 Kifle, Moluh and Sinha

1 Introduction

The inferential problem of drawing inference about a common mean yu of several
independent normal populations with unequal variances has drawn universal atten-
tion, and there are many exact tests for testing a null hypothesis Hy : p = pg against
two-sided alternatives H; : u # po. In this paper we provide a review of their local
powers and a comparison.

A well-known context of this problem occurred when Meier (1953) was ap-

proached to draw inference about the mean of albumin in plasma protein in human
subjects based on results from four experiments, reproduced below (Table 1).

Table 1 Percentage of albumin in plasma protein of four different experiments

Experiment n; Mean Variance
A 12 62.3 12.99

B 15 60.3 7.84

C 7 59.5 33.43

D 16 61.5 18.51

Another scenario happened when Eberhardt et al. (1989) had results from four
experiments about nonfat milk powder and the problem was to draw inference about
the mean Selenium in nonfat milk powder by combining the results from four methods
(Table 2).

Table 2 Selenium content in nonfat milk powder using four methods

Method n; Mean Variance
Atomic absorption Spectrometry 8 105.0 85.71
Neutron activation: Instrumental 12 109.8 20.75
Neutron activation: Radiochemical 14 109.5 2.73
Isotope dilution mass spectrometry 8 113.3 33.64

A similar situation arises in the context of environmental data analysis when
upon identifying a hot-spot in a contaminated area, samples are drawn and sent to
several labs simultaneously and then the resulting data are combined for eventual
analysis. This parallel data analysis is especially important for subsequent adoption
of remedial actions in case the mean contamination level at the site is found to exceed
a certain threshold.

A possible application scenario at the Census Bureau may arise if there is a
need to draw inference about average wage of college graduates in a specified age
group in a certain state. County level information can be collected from each county
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via simple random sampling. Then under a model-based approach with a common
overall mean wage across the state and heterogeneous county level variances, the
results developed in this paper can be useful. Of course, in case of complex surveys
involving survey weights, our current formulation of the inference problem will not
be applicable.

A general formulation of the problem can be stated as follows. There are k normal
populations with a common mean u and different variances 0'12, cee 0']3. Based on
a sample of size n; from the i*" population, we want to test Hy : u = g versus
H; : p # po. Obviously, there exist k independent ¢-tests based on t; = Ny (Xi=po) (X‘ o)
that follows central ¢ distribution with v; degrees of freedom. Note that the as-
sumption of normality is crucial in our subsequent discussion. Most meta-analysis

applications are based on this assumption Hartung et al. (2008).

The natural meta-analysis question now is: how to combine the results from the
k independent 7-tests? As one can expect, there are many ways of accomplishing
this task based on some exact and some asymptotic procedures. Let us first briefly
review the asymptotic procedures for testing hypothesis about common mean y.

In the trivial case when the k population variances are completely known, the
common mean u can easily be estimated using the maximum likelihood estimator
a=[3k, = all ];:1 %]‘1 with Var(g) = [ XX, %]_1. This estimator /i is the
minimum valriance unbiasjed estimator under normalitylas well as the best linear un-
biased estimator without normality for estimating p. A simple test based on standard
normal z is obvious in this case.

However, in most cases, the population variances are unknown and a familiar
estimate, known as the Graybill-Deal estimate can be used Graybill and Deal (1959).
This unbiased estimator figp together with its variance are given as

Z{'(—l n_lz)?l k 2 k 2
) R ) . B n;o; n;
Aap = - with V“’(”GD)‘E[(Z s? )/ (Z s?) ]
=1 S? i=1 i i=1 "1

Khatri and Shah (1974) proposed exact variance expression for figp, which is
complicated and cannot be easily implemented. To address this inferential problem,
Meier (1953) derived a first order approximation of the variance of figp as

k-1 k
Var(dGp) = [Z %] 1+2Zn ci(1— c)+0(z( _1)2)
i=1 i

i=1 Vi
Sinha (1985) in the same spirit derived an unbiased estimator of the variance of
fAcp that is a convergent series. A first order approximation of this estimator is

nl-/O'l.2

= -
Zj:1 nj/a'jz

Ci =
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k 2 2 /¢4
— 1 4 n;/S; n;/S;
Vary(fcp) = ( )]

1+ -
i:lg_zz =t I\EL, nj/S; (25:1(”//‘9?)2

The above estimator is comparable to Meier’s (1953) approximate estimator

il (S (n/82)?

n;—1

k 2 2/ c4

_— R 1 4 n;/S; n:/S:
Var ) (ficp) = =, [1+ ( l — )]
Zli:ls_l_2 i=1

The “classical” meta-analysis variance estimator, Var 3)(figp), and approximate

variance estimator proposed by Hartung (1999) @(4) (figp) are the two other
variance estimators of figp which are given by

_ 1 _ _
Var3)(ficp) = - & Varw(icp) = ( k )(Xi - figp)*.
i:lS_:Z 12 P 1”1/52

We should mention that a parametric bootstrap approach based on Graybill-Deal
estimate was suggested in Malekzadeh and Kharrati-Kopaei (2018) to draw infer-
ence about y which works quite well in large samples. Likewise, inference based on
the MLE of u suggested in Chang and Pal (2008) is also asymptotic in nature. As
mentioned earlier, the central focus of this paper is to critically examine some exact
tests for the common mean. A power comparison of these available exact tests is then
a natural desire. In this paper this is precisely what we accomplish by comparing six
exact tests based on their local powers.

The organization of the paper is as follows. In section 2 we provide a brief de-
scription of the six exact tests with their references. The pdf of non-central # which
naturally plays a pivotal role for studying power of ¢ tests is given along with its local
expansion (in terms of its non-centrality parameter). Section 3, a core section of the
paper, provides expressions of local powers of all the proposed tests. Appendix I at
the end contains proofs of all technical results. Section 4 contains some numerical
(power) comparisons in the case of equal sample sizes and also in the case of one
specific unequal sample sizes. We conclude this paper with some remarks in Section
5.

2 Review of six exact tests for H( versus Hi

Consider k independent normal populations where the i*" population follows a nor-
mal distribution with mean ¢ € R and variance 0','2 > 0. Let X; denote the sample
mean, S? the (unbiased) sample variance, and n; the sample size of the /' popula-
. - 2 (n; 1)5
tion. Then, we have X; ~ N (u, Z—i) and 20 —

i

)(,2,1,, where v; = (n; — 1) and
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i=1, -+, k. Note that the statistics {X;, Sl.z,i =1,---,k} are all mutually indepen-
dent.

A generic notation for a ¢ statistic based on a sample of size n is f,ps =
V(X — pg)/s. We can refer to this ¢+ computed from a given data set as the ob-
served value of our test statistic, and reject Hy when |fop5| > ,.4/2, Where v is the
degrees of freedom and « is Type I error level. A test for Hy based on a P-value
on the other hand is based on P,ps = P[|t,| > |tops|], and we reject Hy at level
a if P,ps < a. Here ¢, stands for the central ¢ variable with v degrees of freedom
and ?,.,/2 stands for the upper a/2 percentile of ¢,. It is easy to check that the two
approaches are obviously equivalent.

A random P-value which has a Uniform(0, 1) distribution under Hy is defined as
Pran = P[|ty]| > |tranl], where t,4, = V(X — uo)/S. All suggested tests for H are
based on P,ps and f,ps values and their properties, including size and power, are
studied under P, 4, and ¢, ,,. To simplify notations, we will denote P,ps by small p
and P, ., by large P. Six exact tests based on 7,55 and p values from k independent
studies as available in the literature are listed below.

2.1 P-value based exact tests

2.1.1 Tippett’s test

This minimum P-value test was proposed by Tippett et al. (1931), who noted that, if
Py, .-+, Py are independent p-values from continuous test statistics, then each has
a uniform distribution under Ho. Suppose that Py, - - - , P(x) are ordered p-values.
According to this method, the common mean null hypothesis Hy : u = py is rejected
at a level of significance if P(1y < [1 -(1-a) 3 ] . Incidentally, this test is equivalent
to the test based on M; = max<;<|t;| suggested by Cohen and Sackrowitz (1984).

2.1.2 Wilkinson’s test

This test statistic proposed by Wilkinson (1951) is a generalization of Tippett’s test
that uses not just the smallest but the r’ h smallest p-value (P(;)) as a test statistic.
The common mean null hypothesis Hy : u = po will be rejected if P,y < dy q,
where P, follows a Beta distribution with parameters » and (k — r + 1) under Ho
and d, o satisfies Pr{P(,) < d, o|Ho} = a. Obviously, this procedure generates a
sequence of tests for different values of r = 1,2,---, k. And an attempt has been
made to identify the best choice of r [Table 4].
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2.1.3 Inverse normal test

This exact test procedure which involves transforming each p-value to the corre-
sponding normal score was proposed independently by Stouffer et al. (1949) and

Liptak (1958). Using this inverse normal method, hypothesis about the common u

will be rejected at @ level of significance if [ Zf.‘zl dD‘l(P,-)] [\/E]_l < —Zq, Where

®~! denotes the inverse of the cdf of a standard normal distribution and z, stands
for the upper « level cutoff point of a standard normal distribution.

2.1.4 Fisher’s inverse y>-test

This inverse y>-test is one of the most widely used exact test procedures for com-
bining k independent p-values (Fisher, 1932). This procedure uses the Hf:l P;
to combine the k independent p-values. Then, using the connection between uni-
form and y? distributions, the hypothesis about the common u will be rejected
if -23% In(P;) > ng,a, where ng,a denotes the upper « critical value of a
x>-distribution with 2k degrees of freedom.

2.2 Exact test based on a modified ¢

Fairweather (1972) consider a test based on a weighted linear combination of the
t;’s. In this paper, we consider a variation of this test based on a weighted linear
combination of |¢;| as we are testing a non-directional alternative. Our test statistic
T is given as Z{-‘zl wi;lti|, where wi; o [Var(|t;))]™" with Var(|t;]) = [[v,-(v,- -
2)71] - ([F(%)W[F(%)ﬁ]’])z]. The null hypothesis Hy : u = po will be
rejected if Ty > d| 4, where Pr{T; > d|o|Hp} = a. In applications d|, is computed
by simulation.

2.3 Exact test based on a modified F

Jordan and Krishnamoorthy (1996) considered a weighted linear combination of the
F-test statistics F;, namely 75, which is given as Zf:l woiF;, F; = tl.2 ~ F(1,v;),
and wo; o [Var(F;)]™! with Var(F;) = [2vl.2(vl- - D][(vi =2)*(vi = 4)]"! for
v; > 4. The null hypothesis Hy : u = uo will be rejected if 7, > d»,, where
Pr{T, > dyo|Ho} = a. In applications d5, is computed by simulation.

We mention in passing that Philip et al. (1999) studied some properties of the con-
fidence interval for the common mean u based on Fisher’s test and inverse normal test.



Comparison of local powers of some exact tests 7

The pdfs of ¢ statistic under the null and alternative hypotheses which will be
required in the sequel are given below. § = vn(u; — po)/o below stands for the
non-centrality parameter when y is chosen as an alternative value. Later, we will
denote (u; — o) by A.

v+l

B res) 2\
H0 = MW%)(I 7)
v2 exp (2(_;;:512/)) e 1 ot 2
Fris(t) = — had eXp[— - )" |dy
T R (e T /0 N

First and second derivatives of f,.s(¢) evaluated at 6 = O (equivalently, A = 0)
which will play a pivotal role in the study of local powers of the proposed tests
appear below.

afv;d(t) — t
96 ls=0 ‘/ﬁ(ﬁ + 1)”7"2
14

02fy;5(t)| T [ 21 ]
052 lo=0  T(¥)\r (L)

3 Expressions of local powers of the six proposed tests

In this section we provide the expressions of local powers of the suggested exact
tests. A common premise is that we derive an expression of the power of a test under
A # 0, and carry out its Taylor expansion around A = 0. It turns out that due to

two-sided nature of our tests, the first term vanishes, and we retain terms of order
O(A?).

The final expressions of the local powers of the proposed tests are given below
in the general case and also in the special case when n; = --- = nx = n, and
vy =--- =vg =v =n— 1. All throughout, we write ¥ = fo:] # which is relevant
in the special case. For detailed proofs of all technical results below we refer to the
Appendix section of this paper.
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3.1 Local power of Tippett’s test [LP(T)]

-1 2 i
LP(I) ~ a+(1-a) %(Z = |§ViT(aa)|) (1)
i=1 i

oo

/tv( ) 0 s (1)
(%) T 867

1§t (@)l [special case]

where &,7(aq) = dt aqg = [1-(1 —a)% ] It turns out that

fvT (au) <0.

3.2 Local power of Wilkinson’s test [LP (W, )]

k — r—1 k— rAz 3 ni
1P~ a (7t 05| 3 el () @
=1 Yi
2
=a+ %‘P} (l: )|§Vw(d, a)ld;, (1 r;a)k_r [special case]

where &,w (dy.o) is equivalent to &,7(a,) With a, = dy.e. It turns out that
va (dr;(x) <0.

Remark: For the special case r = 1, LP(W,.) = LP(T), as expected,
because dj.q = [1 — (1 - a/)i], implying (1 — dy.o)*' = (1 - a)%

3.3 Local power of Inverse Normal test [LP(INN)]

A? anl a[Bvi - Cv,-] }
~ —F—¢(Za — - A,, 3
LP(INN) ~ a + \/_q&(z ) E - = ' 3)
= ]\/_¢( a)[—[ 2‘;/% 2l —Ay] [special case|

where A, = [ ug()Q, (wydu; B, = [~ g0, (wydu; C, = [~ ¢(u)Q, (w)du;
0, () = |52

normal cdf.

] (€, e=a( ); ¢(u) is standard normal pdf and ®(u) is standard
X=t, % , C= u
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3.4 Local power of Fisher’s test [LP(F)]

LP(F) ~ o+

- OlDo} “

21 H { T/} (22, }T
ﬂl{l]

=a+ |

[special case]

[ {{ln(T/Z)}I{T>X§k.Q}} ~ Do
’ TNXzzk
where Do = E[log (¢)]: Dy = E|Uy,(U)]; U ~exp[2]; q ~gammal[1, k];

T ~gammal2, k]; ¢, (1) = [" _1] ) .
7 L=t,(§), c=exp (-%)

3.5 Local power of a modified ¢ test [LP(T1)]

k (12. - 1v;
LP(Ty) =~ 01+—(Z Ho[{tQ—J}I{Zf_I w1i|ti|>dla}]) o)

J=

nA2 (17 = 1)y .
=a+ Ho t2 I{Zik:l lti|>d1o} [specml case]

3.6 Local power of a modified F test [LP(T,)]

A (& ny [F; - 11y,
LP(D) ~a+—| ) —5Ep,|{———— I 6
() ~a+3 (; o7 HO“ Fj+v; } (2 Wz"F’>d2"}]) ©
nA? Fr-1]v .
=a+ TT]EHO[{[];I—+J}I{Zf1Fi>dzH}] [spec1alcase]

4 Comparison of local powers

It is interesting to observe from the above expressions that in the special case of
equal sample size, local powers can be readily compared, irrespective of the values
of the unknown variances (involved through ¥, which is a common factor in all the
expressions of local power).
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Table 3 Comparison of the 274 term of local powers [without nA*¥/2] of six exact tests for
different values of k and n (equal sample size)

k=5 k=10 k=15
ExactTest e 195 n=40 n=15 n=25 n=40 n=15 n=25 n=40
Tippett 0.0575 0.0633 00667 0.0322 00361 00383 00227 0.0257 00275
Wilkinson 0.0633 0.0664 00681 0.0412 0.0430 00441 00324 0.0338 0.0346
Inverse Normal 0.0667 0.0683 0.0699 0.0438 0.0454 0.0462 0.0349 0.0355 0.0369
Fisher 0.0575 0.0579 00602 0.0421 00429 0.0441 00321 00343 0.0363
Modified 7 0.0737 0.0759 0.0768 0.0486 0.0511 0.0516 0.0301 0.0409 0.0412

Modified F 0.0752  0.0784 0.0807 0.0495 0.0527 0.0533 0.0388 0.0401 0.0411

Table 3 represents values of the 2"¢ term of local power given above in equa-
tions 1 to 6, apart from the common term ["TAZ‘P] for different values of k, n and
choices of 7 (< k) with maximum local power. A comparison of the 2"¢ term of
local power of Wilkinson’s test for different values of r (< k) is provided in Ta-

ble4 forn = 15and k € {5, 10, 15,20, 30,40}. All throughout we have used @ = 5%.

Here are some interesting observations: comparing Tippett’s and Wilkinson’s
tests, we note that Wilkinson’s test for some r > 1 always outperforms Tippett’s test,
and the optimal choice of 7 seems to increase with k (Table 4 and Figure 2), it is just
above Vk. Among the other tests, Figure 1 with ¥ = 1 reveals that both modified F
and modified ¢ tests fare the best uniformly in the design parameters n and k. Inverse
normal based exact test also performs reasonably well in the case of equal sample
size for all values of k and n (Table 3). Another advantage of this test is that its cutoff
point can be readily obtained without any simulation.

Some limited local power computations in case of unequal sample sizes are re-
ported in Table 5. It again follows that both modified F' and modified ¢ tests have an
edge over all other tests. Our recommendation based on the local power comparison
of the available exact tests is to advocate the use of these modifed exact tests in all
scenarios.

Following the suggestion of first reviewer, we have added a table (Table 6) that
shows a comparison of modified r and modified F local powers and Monte Carlo sim-
ulated powers for different values of n, A% k =5and ‘7;'2 € {1.0,1.5,2.0,0.5,0.3}.
It turns out that for smaller values of A? the accuracies are fairly good even for small
value of n. Following the suggestion of second reviewer, we have added two figures
(Figure 3 and Figure 4) displaying approximate pdf of U for small values of A% and
simulated pdf of U for the same small values of A% (Figure 3), and approximate pdf
of U for small values of A% and approximate normal pdf of U for the same small
values of A? (Figure 4). The figures attest testimony to our assumption that the pdf
of U for local alternatives can be approximated by a normal distribution.
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Table 4 Comparison of the 2¢ term of local powers [without nA?W/2] of Wilkinson’s test for
n = 15 (equal sample size) and different values of k and r (< k)

r k=5 k=10 k=15 k=20 k=30 k=40
1 0.0575 0.0322 0.0227 0.0177 0.0124 0.0096
2 0.0633 0.0395 0.0292 0.0234 0.0169 0.0134
3 0.0587 0.0412 0.0317 0.0259 0.0193 0.0155
4 0.0494 0.0404 0.0324 0.0271 0.0206 0.0168
5 0.0359 0.0384 0.0322 0.0275 0.0214 0.0176
6 0.0355 0.0314 0.0274 0.0214 0.0181
7 0.0320 0.0302 0.0270 0.0220 0.0185
8 0.0279 0.0287 0.0264 0.0219 0.0187
9 0.0230 0.0270 0.0256 0.0218 0.0188
10 0.0168 0.0250 0.0246 0.0215 0.0187
11 0.0229 0.0235 0.0212 0.0186
12 0.0205 0.0224 0.0208 0.0185
13 0.0178 0.0211 0.0203 0.0184
14 0.0147 0.0197 0.0198 0.0181
15 0.0108 0.0182 0.0192 0.0179
Exact Tests
< —— Modified F
s | Modified t
N Inverse Normal
Wilkinson (r=2)
o | N — Tippett
IS NS Fisher
& AN
; \
o
o
—_ o
[} ~
8 o
-
0 alpha=0.05
<
O [
o 3
S i
o

04

-0.2

Delta

0.2

Fig. 1 Comparison of local powers of six exact tests for n=15, k=5 and ¥ = 1

0.4
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o
g — \Wilkinson’s Exact Test (k=5)
Wilkinson: r=1
——  Wilkinson: r=2
Wilkinson: r=3
Lol - =+ Wilkinson: r=4
o Wilkinson: r=5
9]
3
c 2
© o
[&]
(o]
-
o | alpha=0.05 T
o 1
o 3
o '
o
T T T T T
-0.4 -0.2 0.0 0.2 0.4
Delta

Fig. 2 Comparison of local powers of Wilkinson’s exact test for n=15, k=5and ¥ = 1

Table 5 Coefficients of A2/2 in the 2*¢ term of local powers of six exact tests for different values
of k, n (unequal sample sizes) and o2

k=2 k=3 k=4

n =10, 02=1 n1:10,0'§:1 n1—10,0'§:1

Exact Test ny =20, oy =2 n, = 20, 0'% =2 ny =20, 0'% =2

n;—30,0'3:3 n3 =30,05=3

nyg=40, 07 =4
Tippett 2.3332 2.6606 2.9108
Inv Normal 2.3603 2.7753 3.1284
Fisher 1.7280 2.1528 2.5140
Modified ¢ 2.4524 2.9990 3.4404
Modified F 2.5011 3.0077 3.5252
Wilkinson (r = 1) 2.3332 2.6606 2.9108
Wilkinson (r = 2) 1.9464 2.5472 2.9611
Wilkinson (r = 3) 1.8972 2.5389
Wilkinson (r = 4) 1.8447

5 Conclusion

Based on our computations of local powers of the available exact tests, we have
noted that a uniform comparison of them, irrespective of the values of the unknown
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02 03 04

0.0 0.1

02 03 04

0.0 0.1

Fig. 3 Approximate pdf of U and simulated pdf

Approx and simulated pdf of U (n=10)

Delta*2 = 0.005

—— Approx pdf
—  Simulated U

Approx and simulated pdf of U (n=10)

Delta"2 = 0.020
—— Approx pdf
—  Simulated U

{0.005, 0.010, 0.020, 0.030}

02 03 04

0.0 0.1

02 03 04

0.0 0.1

13

Approx and simulated pdf of U (n=10)

1 e Delta"2 = 0.010
—— Approx pdf
—  Simulated U

Approx and simulated pdf of U (n=10)

1 Delta"2 = 0.030
—— Approx pdf
—  Simulated U

for different values of A2 €

variances, can be readily made in case of equal sample size, and it turns out that
both modified F and modified ¢ tests perform the best. Inverse normal based exact
test also performs reasonably well in the case of equal sample size with the added
advantage that its cutoff point can be readily obtained without any simulation. Some
limited computations of local powers in case of unequal sample sizes also reveal the
superiority of these two modified tests compared to the other exact tests.
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Approx pdf of U & approx normal pdf of U (n=10) Approx pdf of U & approx normal pdf of U (n=10)

. [Delta / Sigma]*2 . [Delta / Sigma]*2
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Approx pdf of U & approx normal pdf of U (n=10) Approx pdf of U & approx normal pdf of U (n=10)

. [Delta / Sigma]*2 . [Delta / Sigma]*2

< —— 0.000 N(0,1) <~ —— 0.000 N(0,1)

S = - 0.020 fH1(u) S — - 0.030 fH1(u)

- 0.020 N f(u) - 0.030 N f(u)
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= o] = o

o o
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e T T T T T T T e T T T T T T T

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

U U

Fig. 4 Approximate pdf of U and approximate normal pdf of U for different values of [A/ o ]?

Table 6 Comparison of Modified ¢+ and Modified F local powers and Monte Carlo simulated
powers for different values of n, A2, a'l.2 € {1.0,1.5,2.0,0.5,0.3} and k =5

Local Power (@ = 5%)

2
n A Modified ¢ Modified F MC Simulated
0.002 0.0583 0.0585 0.0563
0.004 0.0666 0.0669 0.0628
15 0.006 0.0749 0.0754 0.0708
0.008 0.0832 0.0838 0.0833
0.010 0.0915 0.0923 0.0956
0.002 0.0642 0.0647 0.0623
0.004 0.0785 0.0794 0.0774
95 0.006 0.0927 0.0941 0.0938
0.008 0.1069 0.1088 0.1133
0.010 0.1212 0.1235 0.1339
0.002 0.0730 0.0742 0.0723
0.004 0.0961 0.0984 0.1005
2 0.006 0.1191 0.1226 0.1310
0.008 0.1422 0.1468 0.1653

0.010 0.1652 0.1710 0.2041
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Appendix I: Proofs of local powers of six exact tests

We begin by stating a result related to the distribution of a P-value under the alter-
native hypothesis Hy : u = py, which will be crucial for providing the main results
on local power of all tests based on the P-values. We denote F, (-) to represent the
cdf of a central ¢-distribution with v degrees of freedom.

Lemma 1
2
Pr{P>c|lH } ~(1-c¢)+ %fV(C). @)
Proof
Pr{P > c|H\} = Pr{ I > | (XS_ H) clHl}
= el [N < |
= | () - G <1 -
=Pr{|‘/ﬁ( |<tv( )IH}
X - c
_ { C \/_( S #0) <tv(§)|H1}
: <t(6)<t( )|H1}

(%)
= / f(x|v,0)dx
_tv(%>

~ 6 (%) af 52 62f
N .[tv(g) {f(Xh/ 2 +6( 35)‘ * E(W)Lso}dx

(5 (92 f(x|v, )
~(1—c)+ A2 —’| d
( C) 20’2 [; (5) { 062 6:0} o

f(x|v,6) ~ non-central tv(é = ﬁA)]

a

~(1-0)+3 2§v(6)

(5 | RF (xIv,6) _ore (%) 2_)
where &,(c) = /—tv(%) {T 6=0}dx = —F(X)i/ﬁ /—tv(%) (_[xzx ey )dx. It
turns out that &, (¢) < 0. O
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L. Local power of Tippett’s test [LP(T)]

Recall that Tippett’s test rejects the null hypothesis if P(1y < [1 - (1 - @)¥] = .

This leads to .

Power = | = [ | Pr{P: > as|H}.
i=1
Applying Lemma 1, the local power of Tippett’s test is calculated as follows:

k

Az n;
Local power ~ 1 — 1_[ [(1 —dq) + 7(;51»,7 (aa))]

i=1

k
zl—n[(l—a’)k"'A_( é:v,T(aa))
i=1

k-1 AZ k n;
~1- [(1 —a)+(1- a)kT(Z ?gﬂ(aa))]

i=1

-1 A i
~a+ (1 —Q)RT(Z nzlfviT(aaN)-
i=1 i

For the special case nj = -+~ =ng =mvi=---=vg =v=n—-land &, 1 (aq) =
=&y, 1 (aq) = &1 (aq), the local power of Tippett’s test reduces to:

1 nA2 S|
LP(T) ~ a+ (1 - a) 7|§vT<aa)|(Z 0_,-2)

i=1
oo

I1. Local power of Wilkinson’s test [LP(W,)]

k
1
|§VT (aa/)| where ¥ = Z —-
P :

Using r'"* smallest p-value P ;) as a test statistic, the null hypothesis will be rejected

if Py < dr o, Where P(,) ~ Beta[r,k —r + 1] under Hy and d, , satisfies @ =
Pr{P; < dr o|Ho} = /0 ne %du This leads to

Power = Pr[P(r) < dr q|Hi]

_ZPr{P”,... il dr,u<Pil+1,--~sPik|Hl}

where (iy,--- ,i,1141," " ,Iix) is a permutation of (1,--- , k). Applying Lemma 1,
we get
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Pr{Pi, ..., Py <dr.o <Pll+,,...,P,-k|H1}

l A? k n; A2
{l_][ " 30 207 S (,))}{ ]—[ (1=drot 3 2o o Q))}

{dl —df,(llAz(Z Zé‘:lW(dra/) }X

2, g
|

Q

Q

k
B .
{(1 —dr,a)k l+(1 _dr,a)k - 17 Z é:lJVV(dr ‘1’))}
J=l+1
1 v AT k—i-1 L 1
~ d. ,(1-d, o) + 5 dy o (1 —dy o) Z —&iw (dr )
j=1+1 Yi;

l
_ _ n;;
-d (1 -d, )" ’( > —0_; gi_,.wwdr,(,))}.

Jj=1 ij

Permuting (iy,...,ix) over (1,...,k), we get for any fixed [ (r <[ < k),

k
Ist term = (l)di’(,(l —dy o)

_ A k-1-1 k-1 : i
2nd term = Tdr,a/(l —dr.qa) k-1 Z ;-fiw (dr.,a)
1

i=1

___11_ klklkﬂ_
3rd term 2d (1 =dr o) {(l_l)(za_izé‘:lW(dr,a'))}.

i=1

The 2nd term above follows upon noting that when [2];':1 » %ft w(dr o) is
i
permuted over (ij4] < --- <ix) C (1,...,k), each term %é"iw (dr,o) appears ex-

actly (,*7")) times foreachi =1, -, k. The 3rd term, likewise, follows upon noting
that when [Z] I 02 &,W(dr a)] is permuted over (i < --- <i;) C (1,...,k),each

term %fiw (dy.o) appears exactly (l_l) times, foreachi =1,--- , k.

Adding the above three terms and simplifying, we get
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For the special case ny = -+ = ng =n; vy = -+ =vg =v =n-1 and
Enw (dria) =+ =&, w(dra) = Ew (drq), the local power of Wilkinson’s test
reduces to:

k
LP(Wr>w+(" o - m>’”—|flw<dm>|(2 12)

i=1 71

nA2 ko

k-1 r -r
TT] (r _ 1)|‘va (dr;a)ldr (xl (1= dr;a)k where ¥ = Z ?

i=1 71

=a+

I11. Local power of Inverse Normal test [LP(INN)]

Under this test, the null hypothesis will be rejected if \/LE Zle U; < —Z4, Where

U; = ®1(P;), @ is the inverse cdf and z,, is the upper a level critical value of a
standard normal distribution. This leads to

k
1
Power = Pr{— U; < —z(,|H1}.

First, let us determine the pdf of U under H,, fu, (1), viaits cdf Fg, (1) = Pr{U <
ulHi}.

Pr{U <ulH,} = Pr{®(U) < ®(u)|H,}

= Pr{P < ®(u)|H;} [U=@7'(P) = P=d(U)]
=1-Pr{P> (I)(u)lHl}
~1- [[1 —O(u)] + 257 [fv( )]C @(u)] [upon applying Lemma 1]

~ CI)(u) - [fv( )]C =0 (u)"

This implies
o0 = A0 22 [6(0)] |
nA?
<001 255 (16O,
$(u)[1+ 280, (u)] 21
~ nvA2 [ s Oy ( )_ 2
1+ 202 foo¢(u)Qy(M)dM X5V [y t,(5), c= ‘D(u)

Here we have used the fact that %[fv(c)] [g—‘v( )] e . = 4 1£,(c)] = —v0, (-
given below in equation (10), upon simpliﬁcatlon, and d; = ¢(u). The denominator
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in the last expression is a normalizing constant.

d LA e L (v, ey T x2-1
(o) = [[MQfMﬁ] [ = SLERD) H)WA MH

de
d * *
= SIF(1(e/2) - F(-1(c/2))]
= [ (tv(c/2)) [—tv(C/Z)] + £ (=1,(c/2)) [—tv(C/Z)]
= —t,,(c/2) [r* tv(c/2)) + f*(=t,(c/2))]  f*(x) is a symmetric distribution
=2f" (tv(C/Z))[ tv(C/z)] ®)
Further [%tv(c / 2)] can be expressed in terms of f (¢, (c/2)) as follows.

S =Prit, > 1(c/2)]

oo (Tl) ( x2)—z]
= y(x)dx=1-F(t,(c/2 v(x) = 1+—
[@mf() (1v(c/2) 50 = (145
d (c d
—l51= %[1—F(fv(6/2))]
f(tv(c/z))[ ZV(C/Z)]
= (/2 = ©)

2f(tv(c/2))

Repalcing equation (9) in (8) results in:

1 ] _ ft(e/2)

a@—ﬁ“ﬂﬂwwmum Flev(c/2)

x2-1

(10)

=-v

AV c(5), =0t

Letusdefine Ay, B, and C, as A, = [ u¢(u)Q, (w)du, B, = [ u>¢(u)Q, (u)du
and C, = /_ o; ¢(u)Q, (u)du. Using these three quantities, we now approximate the
distribution of U as:

AZ
ny A

752 A and

U~ N[EU),Var(U)] where E(U) = /wufH] (u)du ~

2
Var(U) =/ u fH, (u)du ~ 1+ ZVA

[Bv - Cv]~
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This leads to:

1 & 1 &
~ N[TZE(Ui),Ei_ZIVar(Ui)]

A2
61,1+ ]

R
k
niv; nivi
where 6] = Z #A,,,. and &, = Z #[Bv,» -G,
i=1 <Y i=1 “Yi
Using the above result, the local power of inverse normal test is obtained by

approximating its Power = Pr{\/LE Zf.;l U; < —ZQ|H1} as

z A2
Ie% 701
Local power (INN) ~ vk ]
1+46,
A2 Za 2
RO -zg——=01+——90
Za \/El > % %2
-eor el
x®P| —z5+—|—=0,—-0;
| «/E 2k

~ O(~z4) + — ¢(Za)[ —=02 — 61]

i ave
(za)[ 62—61]

Substituting back the expressions for §; and 6, results in:

LPUNN) x @+ 526(20) Z N [Za V"/% Cul _ AV,]

For the special case ny = -+ =ng =nand vy =--- = v = v =n — 1, the local
power of Inverse Normal test reduces to:

N 1\|zalBy—Cy]
LP(INN) ~ a + \/_¢(za)(;q )[—%/E A,,]

Z(Y[BV - Cv] k 1
¢(za) [— - AV] where ¥ = ; =

]\/‘ 2vVk
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IV. Local power of Fisher’s test [LP(F)]

According to Fisher’s exact test, the null hypothesis will be rejected if Zf‘zl U; >
ng.u, where U; = —21n (P;), and )(%k_a is the upper «a level critical value of a
x>-distribution with 2k degrees of freedom. This leads to

k
Power = Pr{ Z U; > ng;a|H1}.
i=1

In a similar way to the inverse normal test in Appendix III, first let us determine the
pdf of U under Hy, gg, (1), viaits cdf Gg, (u) = Pr{U < u|H}.
Pr{U < u|H,} = Pr{-2In(P) < u|H}

= Pr{ln(P) > —u/2|H,}

= Pr{P > exp (—u/2)|H}
2
~ [1 —exp(-u/2)] + 1 [g-‘y(c)]c exp (—u/2) [upon applying Lemma 1].

This implies
d
ng(I/t) d 1—6Xp( u/2) + [f"( )]c =exp (—u/2)

) nA? . d
Ee)(p( u/2) [ ] [é:V( )]c exp( u/2)

1 nA? ., d
Eexp( u/2) - —exp (_u/z)[ ] [6"( )]L =exp (—u/2)

Lexp (-u/2)[1+ 25w, (u)]
T8 [ [ pexp (- T (wdu]’

Q

Q

x2 -1
x2+v

Wy (u) =

x=t, (), c=exp (u/2)

Here we have used the fact that %[f,,(c)] = [fv(c)] .= d1£,(c)] = —vP,(-)
given in equation (10), upon simplification, and ' exp( u/2). The denomi-
nator in the last expression is a normalizing constant.

Define Dy = fooo ﬁexp (—u)u*'1n (u)du and D, = /000 % exp (—u/2)(u —
2)¥, (u)du. Using these quantities, we can now approximate the distribution of U
as:

nvA?
402

U~ Gamma[B =2,7,] where y, = [1+ D,].
Here Gamma[p, y, | stands for a Gamma random variable with scale parameter
B and shape parameter y, with the pdf f(x) = [e™*/Ax»~1]/[8"T(y,)]. By the
additive property of independent Gamma(B = 2,v,,], - ,Gammalf = 2,7%,,]
corresponding to Uy, - - - , Uy, we readily get the approximate distribution of (U} +
-+ Uy) as:
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K n;vi
L’
E —=D,,.
" (on
i=1

i

k
D Ui ~ Gamma| =2,k + A?A]  where A =
i=1

FN-

The local power of Fisher’s test under H is then obtained as follows:

2
®exp (—t/2)th+Ar -1

Local power (F) = / . AN (kAN
Xoka ( + )

= Q(A%).

We now expand Q (A?) around A? = 0 to get

Local power (F) ~ a+A2/oo exp (=t/29* [ 9 (1/2)4" i
; 2k N2 \T(k+AN) | ooy

Xok;or

k
since Z U; ~ Gamma [,8 =2, k+ AZA]
i=1

N L [ exp(=t/2) [Aln(r/2) A Jy exp(—uw)u*~!In (u)du
~a+A ‘/)(2 T [ 0 - 20 ]dl

2k;a

~a+AA /OO M [ In (t/2) - f()m exp (_M)Mkil In (u)du]dt
X

2. 2kI(k) L(k)
~a+A’A [E{{ In(T/2)} 7 ngm}} —aDy]|.
' T~x3,

Substituting back the expressions for A results in:

A2
LP(F)~a+ >

k

n;vij
St el ], o
= L

2
Xok

For the special case ny = --- =nx =nandv) = --- = vy = v = n — 1, the local
power of Fisher’s test reduces to:

nA2 S
LP(F) ~ a+——vD, [ Z; 272] [E{{ 1n(T/2)}I{TZng;a}}ngk - aDO]
nA® _1vD, ko
=a+ T‘I‘ - E {ln(T/Z)}I{Tz)(gk;a} . —aDo where ¥ = Py
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V. Local power of a modified ¢ test [LP(Ty)]

Using this exact test based on a modified ¢, the null hypothesis Hy : u = po will
be rejected if Ty > dio, where T} = Zl’le wiiltil, wii o [Var(|t:)]™", Var(|t;]) =

[vi(vi =271 = (ICCFHVVIITCH)VA)’, and PrTy > diglHo} = @ In
applications d1, is computed by simulation. This leads to

k
Power of T} = P}"{Zwlihﬂ > dlalHl}

i=1

. /n[f”‘(“”d% lo, = Y22

Oi
Zl 1 Wi ti|>d1a

an5m> L 90 P e (1)
/ 1_] [fv‘ (1) + 6i——5— )5 -0 5i:0]dt

2 96?

Z:\ 1 Wii |ti |>d1ar

P foy.5; (1))

co 35| [ f Tl == e

Zf,] Wii |tl |>dl(y

Pfy.0, (1))

387 ;=0
——— Lk,
fv(tj) {Z,‘:[ wiilti|>dia}
J

(l‘? - 1)VJ
Frv, List wniligl>di oy HO
J

N (& (B Dy, | VA
LS L (LT PO
J

J=1"J
Ep, -] above is computed by simulation. It is easy to verify from Section 3 that
3 fyy.s, (1) Oy, (1))
X\ a3,
5;=0 i ls;=0

the product terms { 95,
and t?, whose integral over {Zl]f:] wiilti| > dyo} under Hy is zero.

} involve (;1;), apart from ¢?

For the special case nj = --- =ng =nand vy = --- = vf = v = n— 1 which
implies wi; = --- = wix = 1, the local power of this exact test based on modified ¢
reduces to:

k 2
nA? 1 (7 = v
LP(Ty) ~ a + T(Z ?)EHO [{—t% — sk i
J=17J

k

nA? (t% — Dy 1
Tly]EHo HI]ZT}I{Z?I |z.-|>dm}} where ¥ = ,Zl o

i

gj

|
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VL. Local power of a modified F test [LP(T3)]

According to this exact test based on a modified F, the null hypothesis Hy : u =
po will be rejected if Ty > daa, where Tr = Y5 woiFi, Fi ~ F(1,v;), wy o
[Var(F)]™" = [2v2(vi = D7 [(vi = 2)*(vi = 4)], and Pr{Ty > dy4|Ho} = . In
applications d;, is computed by simulation. This leads to

k
Power of T» = Pr{ Z wo F; > d2a|H1}
i=1

2
./ / n[fv‘/l (F;)]dF; [fvl(F)NHOII CentralFlv( I%)]
Z, 1W2,F,>d2(l

Note that f,,_1(F) and its local expansion around A = 0 are give by

F( v1+1;2+2j) V‘;Zj—l

(4)/ [G;)
N(XE2Hr(%2)

v+ +2j :|

Fra(F) = exp(——) Z
Jj=0 (1+FyE) 2

(4)(2) " r(utpet)
T(52)r(%)

V+vp+2

(1+F2) =

Pl "
~ fy(F)(1- 5) +[ ]

3
2

= fH(F)+= [f (F) - fv(F)] where f;(F):(%) (1+F)V+F33[3 V]]
V)2 Pleg

Using the above first order expansion of f, 1(F) leads to the following local power
of Tz.

ey~ [ f [l_[fv,(FHZ (fv,(F) fv,(F)){]—[[fvi(Fi)]}}!dei

i#j
2K Wi Fi>dag

A (S Fp) = S (F))
”’L(Z; 2 { For (F) }’{Zt lwhwm}])
Jj= o J g

Ep,[-] stands for expectation w.r.t Fy,..., Fy under Ho[F; ~ F(1,v;)].

& -
Aj FJ -1

A
v,-+1

A (& nj [F; - 1]v; , ;A2
Fat 7(2 ;EHO [{ Fi+v; I{fozl way Fi>dyo } ) using |4; = o2 |
. - ;

Ep,[] is obtained by simulation.
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For the special case ny = --- = nx =nand vy = -+ = v = v = n— 1 which
implies wyp; = - - - = woi = 1, the local power of this exact test based on modified F
reduces to:

nA? (&1 [F) - 1]v
LP(T) ~ o+ T(Z E)Em “T fist Fiodua)
=1 7]

nA? [F =~ 1]y c
=a+ TT}EHO[{ﬁ I{ZleFi>d2a} where ‘P:Z;
j=17J
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